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Supersonic Transitional Airfoil Shapes of Minimum Drag
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Feasibility of a procedure incorporating transition considerations in optimizing total drag has been
demonstrated. The Schittkowski algorithm was modi� ed to demonstrate the approach on two-dimensional
airfoils. Cubic spline basis functions were used to describe the airfoils, and total drag (wave 1 friction)
was minimized under the constraint of a � xed airfoil area. Reynolds numbers were assumed such that
the airfoil was transitional, generally with the forward portion laminar and the aft turbulent. The tran-
sition locus was calculated using the fast transition prediction module, which provides rapid computation
of the Tollmien – Schlichting wave ampli� cation factor N and estimates transition point by the eNmethod.
The laminar friction drag was evaluated using self-similar solutions of the boundary-layer equations. The
friction drag for the turbulent portion was computed assuming a one-seventh velocity pro� le. With this
framework, the total drag was a function of the functional xtr, the streamwise location of transition. As
a validation of the method, the algorithm gave the correct global optimum for the inviscid case, which
is the parabolic arc pro� le. For the viscous case, signi� cantly different locations of the maximum thickness
led to only small differences in the minimum total drag. In addition, the drag reductions from the optimal
inviscid parabolic pro� le were about 10%. Convergence with respect to the number of spline knots was
achieved. Important challenges were met to reduce the effect of truncation errors in the numerical ap-
proximation of differentiations such as those used in the evaluation of the Hessian matrix. Despite these
dif� culties, generalization of the approach to treat in� nite yawed and swept wings accounting for suction,
cross� ow instabilities, and vortex drag appears feasible.

Nomenclature
C f = friction coef� cient
Cp = pressure coef� cient
c = airfoil chord
D = drag
F = airfoil shape function
h = interval between knots
K = number of knots
M = freestream Mach number
N = ampli� cation ratio
p = pressure
Rc = chord Reynolds number, cr` u` /m`

S = airfoil area
T = temperature
U = freestream speed
u = velocity in x direction
x, y, z = Cartesian coordinates
g = speci� c heat ratio
d2 = momentum thickness
« = airfoil thickness ratio
«c = curvature constraint parameter
L = pressure gradient parameter
m = viscosity
j = effective length
r = density
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Subscripts
e = upper boundary-layer edge
f = friction
lam = laminar
t = total
tr = transition
turb = turbulent
w = wave
` = freestream quantity

I. Introduction

L OW drag is critical to the success of all types of aircraft,
such as supersonic transports and � ghters. For supersonic

cruise vehicles, wave-induced and friction drag must be re-
duced. Wave drag is associated with the entropy gain through
shock waves. Induced drag is related to the kinetic energy
associated with the wake vortex system, and friction drag is
related to dissipation in the boundary layer. Bene� cial inter-
ference (Busemann biplane), variable sweep, and area ruling
exemplify wave drag reduction approaches. For low vortex
drag, favorable span loading is desired. For planar con� gura-
tions such as thin wings, this is achieved by an elliptic span
loading. Optimization twist, camber, and thickness are classical
approaches used with linear procedures such as panel methods
to design wings for minimum vortex and trim drag as well as
good landing characteristics. Nonplanar arrangements such as
biplanes lead to other solutions. Jones1 has shown that an
oblique wing can be bene� cial. Friction drag can be reduced
by replacing the turbulent portion of the boundary layer with
laminar � ow.

Inverse methods seeking a pressure distribution that will
minimize wave drag, separation, and transition have received
attention. In the inverse problem, the unknown is the body
shape that supports a given pressure distribution, as con-
trasted to the direct problem in which the body shape is spec-
i� ed and the unknown is the pressure distribution. Mixed
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problems involving inverse and direct approaches can also be
formulated. Recent examples of inverse approaches are in the
transonic range.2 Although these procedures have been used
on airplanes such as subsonic transports, the solution may be
suboptimal because the fairing that smooths the shock-in-
duced pressure discontinuity may not eliminate shocks off the
body or wave drag. Other issues that have not been resolved
completely for nonlinear � ows are the proper formulation of
pressures that avoid trailing-edge openness or � shtailed sec-
tions.

These examples represent a reduction of the separate com-
ponents of friction and pressure drag. The � eld of reduction
of total drag involving the nonlinear interaction between fric-
tion and pressure drag is in its infancy. Current computational
� uid dynamics (CFD) methods employing Reynolds-aver-
aged Navier– Stokes (RANS) solvers are receiving attention
in this connection. Computational intensity and the lack of
adequate transition modeling, as well as noise in the opti-
mization method, are major issues even for new procedures
such as adjoint, stimulated annealing, and genetic algo-
rithms.3,4

Another class of examples, supersonic laminar � ow control
(SLFC), has been proposed to augment aerodynamic ef� ciency
of supersonic transports such as the High Speed Civil Trans-
port (HSCT). Rapid techniques are needed to solve the special
optimization problems associated with SLFC. For active lam-
inar � ow control involving a suction glove over a wing, it is
necessary to determine the suction distribution that will pro-
long the laminar boundary-layer run while keeping wave and
vortex drag under control. This amounts to minimizing the
total drag as well as the pumping requirements and structural
weight. Previous attempts at solving this problem used an in-
verse method for the design of the suction system, considering
the impact on wave drag afterward. A less ambitious optimi-
zation problem that is a challenge to optimizers with RANS
constraints is to consider the role of laminar – turbulent tran-
sition in the reduction of total drag.

This paper introduces a methodology that will be used to
solve such problems. It contains an optimization approach
whose feasibility is demonstrated on two-dimensional super-
sonic airfoils. This is the forerunner of generalizations to swept
wings including suction. A major feature is the use of a fast
transition prediction module (TPM) (Ref. 5) that accelerates
the optimization process for use in a desktop computing en-
vironment. Preliminary results from the method are discussed
as is a plan for generalizing its applicability. Reference 6 de-
termines optimum suction that maximizes laminar run without
consideration of drag. The approach that is applied herein is
the � rst to address the minimization of total drag accounting
for transition.

II. Analysis
A. Inviscid Flow

Inviscid � ow over a thin airfoil with sharp leading edges is
considered at zero angle of attack. Flow parameters are non-
dimensionalized using their freestream values. The airfoil
shape is speci� ed as

¯ȳ(x̄) = «F(x̄) (1)

where the coordinates x̄ and ȳ are nondimensionalized using
airfoil chord c, « is a small parameter characterizing the airfoil
thickness ratio, and F̄(x̄) = 2(1).

According to Ackeret’s linearized theory, the pressure co-
ef� cient at a point x̄ of the upper surface is given by7

¯2(p 2 p ) F9(x̄)`C [ = 2« (2)p 2 2r U M 2 1` ` Ï

where F̄9 = dF̄/dx̄. The streamwise velocity ū, temperature T̄,

and pressure p̄ at the upper boundary-layer edge are, respec-
tively,

¯u F9(x̄)e 2ū [ = 1 2 « 1 2(« ) (3)
2U M 2 1` Ï

2 ¯T (g 2 1)M F9(x̄)e 2T̄ [ = 1 1 « 1 2(« ) (4)
2T M 2 1` Ï

2 ¯p gM F9(x̄)e 2p̄ [ = 1 1 « 1 2(« ) (5)
2p M 2 1` Ï

The pressure gradient, which is to be involved in computation
of the transition point and friction drag, is characterized by the
following parameter8,9:

x
2j due

L [ , j = r u m dx (6)e e eEu dje 0

where j is an effective length, and m is calculated using the
power law = T̄ m, m = 0.75. From Eqs. (3 – 5), the parameterm̄
L is approximated as

F̄ 0(x̄) 2L = 22«x̄ 1 2(« ) (7)
2M 2 1Ï

The wave drag D̄w is calculated using the following formula:

1 122« 2 3¯ ¯D = C ȳ9(x̄) d x̄ = [F9(x̄)] dx̄ 1 2(« ) (8)w pE E2M 2 1Ï0 0

B. Viscous Flow

The airfoil friction drag is de� ned as

x̄

D̄ (x̄) = C d x̄ (9)f fE
0

where Cf is friction coef� cient of laminar or turbulent � ow.
The laminar boundary-layer characteristics are calculated us-

ing the Lees – Dorodnitsyn transformation and the local simi-
larity approximation of the boundary-layer equations.9 The
laminar friction coef� cient is calculated for the adiabaticCf,lam

wall condition at Prandtl number Pr = 0.72 and the speci� c
heat ratio g = 1.4.

The transition point xtr is determined using the transition
prediction module.5 This module provides fast calculations of
the Tollmien– Schlichting wave growth rates and the ampli� -
cation factor N. The transition point is predicted using the eN

method.10– 15 In contrast to the local empirical correlation meth-
ods, the eN method accounts for the history of the boundary-
layer disturbance growth, which is important for airfoil shap-
ing.

To estimate turbulent friction drag, we assume that turbulent
� ow occurs instantaneously at the transition onset point xtr.
Because the transitional region is neglected, the local friction
coef� cient jumps from laminar to fully turbulent value at xtr.
Since the turbulent boundary layer is less sensitive to pressure
gradient than the laminar boundary layer, the turbulent friction
coef� cient of a thin airfoil can be estimated using a � at-plate
approximation, given by Ref. 9 as

21/5 2 2 0.65C (x) = 0.058R (1 1 0.144M ) (10)f,turb l e

where R l = reuel/me is the local Reynolds number based on
the length l = x 2 xi. Because the turbulent boundary layer
does not begin at the leading edge, but appears at xtr, the initial
point xi should be determined from the condition that the lam-
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Fig. 1 a) Optimum shape for laminar � ow: M = 2, « = 0.05, and
Rc = 105. b) Wave drag D̄w(x̄), and friction drag D̄f(x̄) distributions
for laminar � ow: M = 2, « = 0.05, and Rc = 105. – – – – , parabolic
arc; —— , optimum shape.

inar and turbulent momentum thicknesses are equal at xtr.
8 That

leads to the following expression:

5/4

4 ¯x̄ = x̄ 2 d (x̄ )i tr 2,lam trF G5B
(11)

21/5 2 20.65B = 0.029R (1 1 0.144M )c e

Detailed derivation of this relation is given in Refs. 5 and 16.
Summarizing, we obtain the following formula for the total
drag D̄ t:

1 x̄ 1tr22« 2D̄ = [F9(x̄)] d x̄ 1 C d x̄ 1 C (x̄) d x̄t f,lam f,turbE E E2M 2 1 ¯Ï 0 0 xtr

(12)

III. Minimum Drag Problem
Minimization of the airfoil drag can be considered for the

isoperimetric constraint

1

nF̄ (x̄) d x̄ = const (13)E
0

If the pro� le area is prescribed (n = 1), the wing volume and
the torsional stiffness of a thin-skin structure are given. If the
moment of inertia of the airfoil contour with respect to the x
axis is prescribed (n = 2), this is equivalent to prescribing the
bending stiffness or the torsional stiffness of a thin-skin struc-
ture. If the moment of inertia of the pro� le area with respect
to the x axis is prescribed (n = 3), this is equivalent to speci-
fying the bending stiffness or the torsional stiffness of a solid
section wing.

The minimum drag problem can be stated as follows. Prob-
lem A: in the F̄(x̄) class of functions, which are consistent with
the sharp leading-edge conditions F̄(0) = F̄(1) = 0 and the
isoperimetric constraint [Eq. (13)], � nd the particular function
that minimizes D̄t, given by Eq. (12).

If the friction drag is neglected, problem A has analytical
solutions given in Ref. 17. For example, the optimum shape
for a given pro� le area (n = 1) is the parabolic arc

¯ ¯ȳ(x̄) = «F(x̄), F(x̄) = 2 x̄(1 2 x̄) (14)

If the friction drag is involved in the analysis, an optimum
shape cannot be found analytically because of the complex
dependence of the friction coef� cient and transition point xtr

on the pro� le F̄(x̄) as well as its � rst and second derivatives.
To solve the problem numerically, we consider the class of
shape functions F̄(x̄) where the slope F̄9(x̄) is approximated by
a C2 cubic spline interpolant on a set of data points (x̄i, ,F̄9)i

i = 1, . . . , K, de� ned as

x̄ = 0, . . . , x̄ = h( j 2 1), . . . , x̄ = 11 j K

(15)
¯ ¯F9 = F9(x̄ )i j

where the interval between the knots h = 1/(K 2 1). The func-
tional D̄ t(F̄ ) from Eq. (12) is replaced by the function D t(z) of
vector z = [F̄9(x̄1), . . . , F̄9(x̄K)]T. The shape function F̄(x̄) is
obtained by the following integration:

x̄

¯ ¯F(x̄) = F9(s) ds (16)E
0

and belongs to the class F̄(x̄) [ C 3.
It is known that the transition process is sensitive to airfoil

curvature. On concave surfaces with F̄ 0(x̄) > 0, Görtler vortices
can compete with Tollmien– Schlichting (TS) waves. Accord-
ing to Eq. (7), a concave-surface supersonic airfoil generates

unfavorable pressure gradients that can lead to boundary-layer
separation. To avoid uncertainty of the instability mechanism
and prevent boundary-layer separation, we impose the follow-
ing auxiliary constraint:

¯max F 0(x̄) # « , 0 # x # 1 (17)c

where «c $ 0 is a small parameter, which controls surface
concavity.

The minimum drag problem is now formulated as follows.
Problem B: in the class of cubic spline functions, F̄9(x̄) [
C 2, which are consistent with the sharp leading-edge conditions
F̄(0) = F̄(1) = 0, knot-a-knot conditions F̄9(x̄j) = , j = 1,F̄9j
. . . , K, the isoperimetric constraint [Eq. (13)], and the cur-
vature constraint [Eq. (17)] � nd the particular vector z =

T¯ ¯ ¯(F9, . . . , F9 ) , which minimizes D , given by Eq. (12).1 K t

Problem B is solved using the Schittkowski nonlinear con-
straint optimization algorithm.18,19 It applies a successive quad-
ratic programming method to solve the nonlinear programming
problem. The method, based on the iterative formulation and
solution of quadratic programming subproblems, obtains sub-
problems by using a quadratic approximation of the Lagrang-
ian and by linearizing the constraints.

A code based on these developments was tested by com-
parison between the analytical solution [Eq. (14)] and numer-
ical solution of problem B for the airfoil shape of minimum
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Fig. 4 Minimum drag as a function of Mach number (symbols);
« = 0.02, Rc = 2 3 107, and K = 5.

Fig. 3 Optimum shape at various Mach numbers; « = 0.02, Rc

= 2 3 107, and K = 5.

Fig. 2 a) Optimum shapes F̄(x̄) at various number of knots K:
M = 1.5, « = 0.02, and Rc = 2 3 107. b) Friction drag D̄f(x̄) (solid
lines) and wave drag D̄w(x̄) (dashed lines) at various number of
knots K: M = 1.5, « = 0.02, and Rc = 2 3 107.

wave drag for a given pro� le area (n = 1). The optimization
process converges to the parabolic-arc shape [Eq. (14)], start-
ing from different guesses for the vector z. As an example, the
numerical value of D̄w = 1.5435 3 102 2 was close to the an-
alytical value D̄w = 1.5396 3 102 2 for Mach number M = 2,
« = 0.1, K = 5, and the initial shape function F̄(x̄) = 0.5x̄.

A major advantage of our optimization code is its very short
computational time. The optimization process including cal-
culation of the friction drag, wave drag, and transition point is
normally completed in less than 5 min, using a Pentium-90
personal computer. This allows fast parametric and tradeoff
studies required for supersonic wing design.

IV. Results
We consider optimal airfoil shapes of a given area using the

isoperimetric constraint [Eq. (13)] for n = 1. The parabolic-arc
shape [Eq. (14)] is used as an initial iterate for the optimization
process. The pro� le area is prescribed as

1

1
S̄ = 2 x̄(1 2 x̄) d x̄ =E 30

Figures 1a and 1b show optimal shape F̄(x̄) and drag distri-
butions D̄ f(x̄), D̄w(x̄), respectively, at M = 2, « = 0.05, and Rc

= 105. The boundary layer is laminar along the entire airfoil
surface for this case. Calculations were carried out for K = 5

using the curvature constraint [Eq. (17)]. For this set of param-
eters, the laminar friction drag is weakly sensitive to shaping.
The optimum pro� le (solid line) is close to the parabolic arc
(dashed line), which is the minimum wave drag shape. Opti-
mization gives a very small decrease of the total drag, namely,
D̄ t = 9.2967 3 102 3 compared to D̄ t = 9.4098 3 102 3 of the
parabolic arc. As Reynolds number and/or thickness ratio in-
creases, the relative contribution of friction drag to the total
drag decreases and the optimum pro� le approaches the para-
bolic arc. Similar trends occur for a fully turbulent boundary
layer when x̄tr = 0 is not sensitive to shaping.

Airfoil shaping is more effective when transition occurs in
the midchord region. According to (Eq. 7), the pressure gra-
dient is proportional to the pro� le curvature. Because the tran-
sition point is very sensitive to the pressure gradient, shaping
can shift the transition locus downstream and, as a result, re-
duce friction drag. If the friction drag is of the order of wave
drag, then optimization can decrease the total drag. These tran-
sitional cases will be discussed in what follows.

Figure 2a shows optimum shapes F̄(x̄) for the pro� le of
thickness « = 0.02 at M = 1.5, and Rc = 2 3 107. The transition
point is predicted using the criterion Ncr = 10. Calculations
were made for the number of knots K = 3, 4, 5, and 6 using
the curvature constraint [Eq. (17)] with «c = 102 5. The opti-
mum shape converges with respect to K to a certain limiting
shape, which is essentially different from the parabolic arc.
Figure 2b illustrates distributions of friction drag D̄f(x̄) and
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Fig. 6 Minimum drag as a function of Reynolds number (sym-
bols); M = 2, « = 0.02, and K = 5; no curvature constraint.

Fig. 5 Optimum shape at various Reynolds numbers; M = 2,
« = 0.02, Rc = 2 3 107, and K = 5; no curvature constraint.

wave drag D f(x̄), as well as the location of the transition point
x̄tr. The optimization process increases the pro� le curvature in
the nose region. This leads to a more favorable pressure gra-
dient. As a consequence, the transition point is shifted from x̄tr

’ 0.3 to 0.5, causing about a 20% decrease of friction drag.
However, the new pro� le has higher level of wave drag com-
pared to the parabolic arc that reduces the shaping bene� t
down to 7%. Figure 3 shows variation of the optimum shape
vs freestream Mach number for « = 0.02, Rc = 2 3 107, and
K = 5. The corresponding distribution of the minimum drag
(symbols) and the parabolic-arc drag (solid line) are shown in
Fig. 4. In spite of signi� cant deviation of optimum pro� les
from the parabolic-arc shape, the drag reduction is relatively
small and decreases at higher Mach numbers.

Similar calculations have been conducted with no curvature
constraint [Eq. (17)]. The optimum shape was close to the
convex shape when K # 6. Optimal shapes at various Reyn-
olds numbers are shown in Fig. 5 for M = 2, « = 0.02, and K
= 5. The corresponding distribution of the total minimum drag
(symbols) and the total drag of the parabolic-arc shape (solid
line) are shown in Fig. 6. At Rc = 1.5 3 107, optimization
gives about a 10% total drag decrease compared to the para-
bolic arc pro� le. For increasing Reynolds number, the transi-
tion point is shifted upstream and becomes less sensitive to

shaping. As a result, the drag reduction decreases and the op-
timum shape approaches a parabolic arc.

V. Summary
The feasibility of a procedure incorporating transition con-

siderations in optimizing total drag has been demonstrated. The
Schittkowski algorithm was used to demonstrate the approach
on two-dimensional airfoils. The airfoils were approximated
by cubic spline basis functions, and total drag (wave 1 fric-
tion) was minimized under the constraint of a � xed air-foil
area. Reynolds numbers were assumed such that the airfoil was
transitional, generally with the forward portion laminar and the
aft portion turbulent. The transition locus was calculated using
the TPM, which provides rapid computation of the TS wave
ampli� cation factor N and estimates the transition point by the
eN method. The laminar friction drag was evaluated using self-
similar solutions of the boundary-layer equations. The friction
drag for the turbulent portion was computed assuming a one-
seventh velocity pro� le. With this framework, the total drag
was a function of the functional xtr, the streamwise location of
transition. As a validation, the algorithm gave the correct
global optimum for the inviscid case, which is the parabolic
arc pro� le. For the viscous case, signi� cantly different loca-
tions of the maximum thickness led to only small differences
in the minimum total drag. In addition, the drag reductions
from the optimal inviscid parabolic pro� le were about 10%.
Convergence with respect to the number of spline knots was
achieved. Important challenges were met to reduce the effect
of truncation errors in the numerical approximation of differ-
entiations such as those used in the evaluation of the Hessian
matrix. Special � exibility in the cutoff criteria for the iterations
had to be built into the optimization routines, because de-
manding standards for convergence could not be met. Other
issues regarding noisy initial iterates, e.g., from errors in ge-
ometry, propagating through the iterations as well as roundoff
error, will need to be addressed in future effort. In spite of
these dif� culties, generalization of the approach to treat in� nite
yawed and swept wings accounting for suction, cross� ow in-
stabilities, and vortex drag appears feasible.
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